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Chapter 2 

Fat-Water Separation 

and the Dixon Technique 

2.1. The Significance of Fat-Water Separation 

The ability to suppress or separate the signal from fat in an MR image is often 

critical in clinical applications. There are two main reasons for this.2 First, the signal 

from fat is usually very strong and tends to overpower the signal from other tissue 

types, making it difficult to spot important anatomical features that do not contain 

fat (such as a cancerous lesion). In such situations, suppressing or subtracting out 

the fat component can greatly enhance the diagnostic utility of an image. Figure 2.1 

shows an example3 of a breast image with different degrees of fat suppression or 

subtraction. In the bottom left frame, the subtraction of the fat signal and the 

presence of a contrast agent have made the presence of a cancerous tumor 

(indicated by the white arrow) significantly more apparent. 

From Direct Water and Fat Determination in Two-Point Dixon Imaging, a master’s thesis by Olen Rambow 
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Figure 2.1. 55-year-old woman with newly diagnosed recurrent ductal carcinoma in 

situ in the right breast. MRI was performed before surgery. Clockwise from top left: 

Axial T1-weighted unenhanced, axial T1-weighted fat-saturated, axial T1-weighted fat-

saturated contrast-enhanced, and axial T1-weighted contrast-enhanced with 

subtraction images show clumped enhancement in the superficial subareolar region 

and a subtle focus of hypoenhancement (arrow) in the center that is best appreciated 

on subtraction. (Reproduced from “Variable Appearances of Fat Necrosis on Breast 

MRI,” by Daly et al.3)  

Second, once an unknown tissue mass has been detected, the nature of the 

mass must be determined—specifically, whether or not it is cancerous. Separating 

an image into fat and non-fat (“water”) enables the identification of fatty masses 

such as benign lipomas. An example4 of a cardiac MRI exam in which a suspicious 

mass can be seen is shown in Figure 2.2. Resolution of the image into fat and water 

components reveals the mass to be a lipoma (fatty deposit). 
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Figure 2.2. The image on the far left is a cardiac scan in which a suspicious mass can 

be seen in the middle. After fat-water separation, the mass was identified as a benign 

lipoma (non-cancerous fatty tumor). (Reproduced from “Myocardial Fat Imaging,” by 

Kellman et al.4) 

In addition to the above reasons, fat-water separation techniques have also 

been the focus of much research over the past decade due to the increasing 

prevalence of obesity, diabetes, fatty liver disease, and other conditions to which the 

identification and quantification of fat is clinically relevant.13 Currently, there are 

three main methods of fat suppression, each of which has various advantages and 

disadvantages in different applications.2 These methods include short-tau inversion 

recovery (STIR),14 fat saturation,15,16 and the Dixon technique1,8 (which is 

sometimes also called opposed-phase imaging or chemical shift imaging).  

STIR takes advantage of the fact that fat has a shorter T1 value than water. In 

this method, a 180° pulse is applied at the beginning of the sequence, turning the 

tissue magnetization anti-parallel to the background field. Since fat and water relax 

at different rates, at the instant when the magnetization of fat becomes zero, the 

magnetization of water still has a non-zero component anti-parallel to the field. A 
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90° excitation pulse is applied at precisely this moment, tipping the magnetization 

vector of water into the transverse plane and thereby generating a resonance signal 

from water only. Thus, fat will not show up in the final image.  

This method has several disadvantages, however. First, tissues with T1 values 

similar to that of fat will also be suppressed. Second, it is difficult to use contrast 

agents effectively in conjunction with STIR since contrast agents work by shortening 

T1 values. Third, different types of fat and deposits of fat in different tissue types 

have different T1 values and will not be suppressed uniformly. Furthermore, since 

the excitation pulse is applied before the tissue has fully relaxed, there is significant 

signal loss, resulting in low SNR.2 

The method of fat saturation involves first exciting fat tissue only by applying 

an RF pulse at precisely the resonance frequency of fat. The resulting transverse 

magnetization is then dephased (“spoiled”) by the application of a magnetic field 

gradient. When a standard pulse sequence is then applied, only protons in water 

have longitudinal magnetization available to be tipped into the transverse plane to 

produce a signal. A pure water image can then be obtained. This method is very 

unreliable, however, because the saturation pulse must have a very precise 

frequency and must be perfectly uniform. Small errors and non-uniformities in both 

the background field and the RF field can result in not only incomplete fat 

suppression but regions in which the water signal is nulled.2 

We focus here on techniques that have evolved from the method first 

proposed by W. T. Dixon in 1984.1 Such methods are referred to as “Dixon imaging,” 
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“Dixon techniques,” or “Dixon methods.” Unlike STIR and fat saturation, Dixon 

techniques are independent of relaxation rates, immune to field inhomogeneity, and 

compatible with contrast agents. Dixon pulse sequences are also quite fast, resulting 

in less patient discomfort and fewer motion artifacts.2 The main disadvantage of 

Dixon techniques is the requirement of complex phase correction algorithms to 

identify pixels as either fat-dominant or water-dominant. When these algorithms 

fail, fat and water values can be swapped in the separated images.8 The bulk of the 

work presented in this thesis is aimed at minimizing such errors in fat-water 

separation using the Dixon technique.  

2.2. The Traditional Dixon Technique 

Dixon methods rely on the well-established fact that protons in fat molecules 

have a slightly different resonance frequency compared to protons in water. The 

vast majority of protons in the human body are in either water molecules or fat 

molecules, so we conveniently divide the entire body into only two tissue 

categories: water and fat. Protons in fat are partly shielded from the external 

magnetic field by the electrons in the fat molecule such that the effective field 

experienced by a fat proton is about 3.35 ppm smaller than that experienced by a 

water proton.9 Since a particle’s nuclear resonance frequency is proportional to the 

magnitude of the field into which the particle is placed, this means that a fat proton’s 

resonance frequency is lower than that of a water proton by 3.35 ppm. This is called 

the “chemical shift” of fat. 
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When a volume of tissue is excited by an RF pulse, all of the protons initially 

resonate in phase. Because of the slight difference in precession frequency between 

fat and water protons, however, the signals from fat and water gradually acquire a 

relative phase as time passes. The net signal from the tissue volume can then be 

expressed as8 

                   
Eq. 2.1 

where W is the amount of water, F is the amount of fat,   is the Larmor frequency,   

is the chemical shift of –3.35 ppm,    is the static magnetic field, and       is a 

background phasor that is dependent on position and arises from the magnetic field 

inhomogeneity that exists due to the electromagnetic properties of the tissue. 

The complex coefficient         is the phase of the fat signal relative to water 

as a function of time; for brevity, we shall denote it by the letter  . We control the 

value of this relative phase by selecting the time at which the signal is measured 

(the echo time, TE). At a field strength of 1.5 T,   has a period of 4.6 ms. Thus, if we 

acquire images at echo times of 0 ms and 2.3 ms, we get one image in which water 

and fat are in phase (   ) and another image in which they are exactly out of 

phase (    ). The two signals acquired in this way from a single voxel in the 

sample are given by: 

           
           

Eq. 2.2 
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The background phasors p1 and p2 are unknown, so we eliminate them by 

taking the absolute value of both equations. This then introduces some ambiguity 

into the problem because           if W is greater than F, but       

    if W is less than F. The equations are then  

         

      
          
          

  

Eq. 2.3 

By adding or subtracting these two equations, we get two possible sets of 

solutions for W and F: 

  
 

 
                  

 

 
            

  
 

 
                  

 

 
            

Eq. 2.4 

Put another way, for each voxel we can define the dominant component as 

  
 

 
            and the subordinate component as   

 

 
           . All that 

remains to be determined is whether the pixel is fat-dominant or water-dominant. 

One way to proceed is to plug the two possible solutions back into the signal 

equations and solve for the phasors p1 and p2. One then has pairs of possible phasors 

for each pixel in the image. Physically, we expect the tissue properties that give rise 

to the field inhomogeneity to vary continuously; therefore, the relative phase prel = 

p2/p1 should also be continuous. Seed pixels which are known to be either pure 
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water or pure fat (as determined by anatomical information in the image) can then 

be chosen, and regions can be grown around these seeds, whereby for each 

neighboring pixel the phasor value is chosen that results in a smoother relative 

phase map.17 

Alternatively, the problem can be formulated as a global optimization 

problem.18,19 In either case, a significant amount of effort must go into phase 

selection, and various approaches have been explored over the past two decades. 

Choosing the incorrect phasor value for a given pixel results in a swapping of the 

water value with the fat value for that pixel. Figure 2.3 shows an example in which 

all of the pixel values in one region (the far left) have been swapped due to 

inaccurate echo time calibration. Figure 2.4 shows the correctly separated images 

with no swapping. 

  

Figure 2.3. Separated fat (left) and water (right) images from a leg scan. Pixels have 

been swapped between the two images in a region on the far left. In this case, the 

swapping was caused by inaccurate echo time calibration; however, swapping can also 

occur due to other factors such as noise, inaccuracies in the model, and failure of the 

phasor selection algorithm.  
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Figure 2.4. Separated fat (left) and water (right) images from the same leg scan with 

correct echo time values. 

Several variations on Dixon’s original method have been implemented, 

including single-point20-22 and three-point23 methods. The number of “points” refers 

to the number of images that are acquired at different echo times. In single-point 

methods, the echo time is chosen so that the relative phase between fat and water is 

90°. The real component of the signal is assumed to be water, and the imaginary 

component is assumed to be fat. The single-point method is faster (since only one 

image needs to be acquired), but it requires highly favorable conditions that are 

difficult to achieve in practice (namely, a uniform background phase).8 

In three-point methods, the extra information available in a third image 

makes it possible to calculate the relative background phase or incorporate signal 

decay into the model, thereby achieving more accurate fat and water values.23,24 

However, the phase can still be swapped for rapidly varying phase maps. Moreover, 

this technique takes more time since a third image must be acquired. For these 

reasons, the two-point Dixon method is still the most widely used and will be the 

focus of our investigation.8 
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2.3. The Two-Point Dixon Technique with Flexible Echo Times 

In 2011, Holger Eggers and Johan Berglund independently published 

techniques for two-point Dixon imaging with arbitrary echo times,5,6 further 

extending the partially flexible method previously demonstrated by Xiang.25 In 

principle, this makes it possible to reduce scan times significantly since echo times 

much shorter than the traditional opposed-phase (2.3 ms) and in-phase (4.6 ms) 

times can be used. With flexible echo times, the signal equations become 

             
             

Eq. 2.5 

where b1 and b2 are no longer restricted to ±1 but can now take on complex values. 

Both Berglund and Eggers eliminate the background phasors by taking the square of 

the modulus of the two equations, yielding 

    
                

    
    

                
    

Eq. 2.6 

where b1R and b2R represent the real parts of b1 and b2. The problem is then a matter 

of solving this system of equations and determining by phase selection which 

solution is correct for each voxel. In the following, we present Berglund’s and 

Eggers’ methods with some slight modifications. 
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2.3.1. Berglund’s Method 

Berglund solves these equations indirectly by first defining the variable 

         , or “fat fraction,” thereby reducing the system to a single quadratic 

equation in Q. This equation yields two possible values for Q which correspond to 

the two possible solutions for W and F described in the previous section. With 

knowledge of Q, we can determine the two possible values for the relative 

background phasor prel without knowing W and F. Solving for Q yields 

  
      

     
 

Eq. 2.7 

where, using subscripts R and I to represent real and imaginary parts, respectively, 

        
             

         

        
      

           
      

       

        
     

        
          

         
    

Eq. 2.8 

The two values for Q yield two possible values for the relative background 

phasor, which are given by 

     
             

             
 

Eq. 2.9 
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As in the traditional two-point Dixon method, the requirement that prel be smooth 

can be used to select the correct value of prel. Then the phasors p1 and p2 for each 

voxel can be determined as follows: 

               
                      

     
   

           

Eq. 2.10 

Once the phasors are known, the correct values of W and F can be found 

directly from the signal equations. However, Berglund recommends first smoothing 

the phase map and then solving the following over-determined system of linear 

equations for W and F: 

 
 
 
 
         
         

         

          
 
 
 

 

 
 
 
 
       
       

       
        

 
 
 
 
 
 
  

Eq. 2.11 

The least-squares solution is found by multiplying the vector on the left-hand side 

by the Moore-Penrose pseudoinverse of the matrix on the right-hand side. Using the 

smoothed phase in this way removes some noise from the image in a way that is 

physically motivated.5 
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2.3.2. Eggers’ Method 

Eggers’ approach is to solve the modulus-squared signal equations directly 

for W and F. He then calculates the phasors that correspond to each possible 

solution and applies a selection algorithm just as Berglund does. At this point, his 

results are identical to Berglund’s. After smoothing the relative background phasor, 

however, he presents a slightly different method for re-estimating W and F. 

Solving first for F yields 

     
  
   

   
  
   

 
 

 
  
  

 

Eq. 2.12 

The constants c1, c2, and c3, which are different from those in the previous section, 

are given by 

                   
         

           
      

     

                    
         

            
      

        
      

    

        
      

     

Eq. 2.13 

Plugging these values for F back into the (squared) first signal equation and solving 

for W, we get 
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Eq. 2.14 

Each value for F thus yields two values for W; the correct value is the one that also 

satisfies the second signal equation. 

Typically, four distinct solutions exist, but only two are non-negative. In 

Eggers’ original work,6 the negative F values are discarded from the beginning. 

However, we note that because of the effects of noise, the negative solutions could 

actually be correct and should therefore not be discarded. For example, the signal 

from a pure water voxel, which should have a fat value of exactly zero, may yield a 

slightly negative fat value due to noise. To account for such circumstances, we 

propose retaining only the two solution pairs (W,F) for which      . (By 

symmetry, there can only be two such pairs.) 

Once the two possible solution pairs (W,F) are known, the corresponding 

background phasors prel can be calculated. In Eggers’ scheme, they are given by 

     
  
   

     
          

 

Eq. 2.15 

where the * indicates the complex conjugate operation. 

Once again, the smoothness criterion is used to select the correct phasor 

value for each voxel. When the correct phasor has been selected, the corresponding 

(W,F) values are known for that voxel and the problem is completely solved. 
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However, Eggers also recommends smoothing prel and re-estimating W and F in the 

following way. 

First we absorb the background phasor p1 into the water and fat variables to 

get        and       . Then the signal equations become, in matrix form, 

 
  

       
   

   
   

  
  

    

Eq. 2.16 

This is easily solved for W’ and F’, after which the real W and F values can be 

determined by taking the absolute value. The disadvantage of this method is that the 

sign of W and F is forced to be positive. We will show in a later section that allowing 

W and F to be negative is crucial for identifying voxels as water-dominant or fat-

dominant without applying a phasor selection algorithm. 

2.4. The Multi-Peak Fat Model 

Traditional Dixon methods assume that fat protons have a single resonance 

frequency 3.35 ppm less than that of water. In fact, due to the complex structure of 

the typical fat molecule (a triglyceride), fat has several different resonance 

frequencies. This is because the degree of shielding experienced by an individual 

hydrogen nucleus within a fat molecule depends on, for example, whether it is at the 

end of the molecule or whether it is next to a carbon-carbon double bond. As shown 

in Figure 2.5, recent experiments have identified at least ten distinct peaks in the 
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spectrum of fat, corresponding to hydrogen nuclei located at positions labeled A 

through J in the diagram.7 

 

Figure 2.5. The spectra of subcutaneous fat and bone marrow as measured by Ren et 

al. at 7 T in vivo. The letters labeling the peaks indicate the locations within the fat 

molecule, as shown at the top, of the hydrogen nuclei that generate the corresponding 

peak. (Reproduced from “Composition of Adipose Tissue and Marrow Fat in Humans by 

1H NMR at 7 Tesla,” by Ren et al.7) 

For the multi-peak fat model used throughout this work, we have taken the 

resonance frequency and peak area values for positions A, B, C, D, E, F, and J, for a 

seven-peak model. Thus, in the signal equation, the coefficient in front of F is no 

longer the phasor        , but a sum of phasors, weighted by the sizes of the 

corresponding spectral peaks. As a result, the fat coefficient b (as defined 

previously) becomes 
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Eq. 2.17 

where          is the angular frequency, relative to water, of a proton in 

position k, and Ak is the normalized area under the kth spectral peak. For the values 

of    and    in our model, we have taken the average of the values measured for 

subcutaneous fat and bone marrow fat, as presented in Table 1. 

Table 1 

Spectral Peaks of Fat 
     (ppm)    
1 -3.60 0.0847 
2 -3.20 0.6257 
3 -2.91 0.0707 
4 -2.47 0.0952 
5 -2.25 0.0662 
6 -1.73 0.0158 
7 0.81 0.0418 

 

The multi-peak model has been shown to yield more accurate fat-water 

separation than the single peak model.6 Its applicability depends on the assumption 

that the relative abundances of the seven different “types” of hydrogen atoms are 

constant for all fat in all patients. If the relative abundances were not known a priori, 

two image acquisitions would not be sufficient to separate water and fat; one 

acquisition for each fat peak plus another acquisition for water would be needed. 

Experiment shows, however, that the assumption of constant relative abundances is 

valid, and the above model produces results that match direct measurements of 
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both the amplitude and phase of the fat signal as a function of echo time in different 

patients.26 
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Chapter 3 

A Generalized Solution 

with a Geometric Interpretation 

In this chapter, we generalize the solutions presented by Berglund5 and 

Eggers6 to allow for independent dispersion or decay rates of two chemical species 

denoted W and F (though in this context the species are not necessarily water and 

fat) and we present a geometric interpretation of the problem, which will be a useful 

tool for analyzing the effects of noise and identifying water and fat without phase 

correction. 

3.1. The Generalized Problem 

To generalize the problem for two chemical species with independent 

dispersion and decay rates, we rewrite the signal equations as 
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Eq. 3.1 

The coefficients an and bn can be arbitrary complex numbers, so this formulation 

allows for multi-peak natures and independent decay rates of both species. Taking 

the square of the modulus of both signal equations, we now get 

    
      

                           
    

    
      

                           
    

Eq. 3.2 

where the subscripts R and I denote the real part and imaginary part, respectively. 

In the following two sections, we show how both Berglund’s and Eggers’ solutions 

are altered by this generalization. 

3.2. Generalization of Berglund’s Solution 

The generalized version of Berglund’s solution takes the same form as 

before: 

  
      

     
 

Eq. 3.3 

However, the constants c1, c2, and c3 must be redefined as follows. 
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Eq. 3.4 

The formulas for the relative background phasor prel and phasors p1 and p2 

then become  

     
               

               
 

               
                            

         
    

           
Eq. 3.5 

and the generalized version of the least-squares matrix equation becomes 

 
 
 
 
         
         

         

          
 
 
 

 

 
 
 
 
            
            

            
             

 
 
 
 
 
 
  

Eq. 3.6 

which is again solved using the Moore-Penrose pseudoinverse. In all of these 

equations, when the constants a1 and a2 are replaced by 1, Berglund’s original 

solutions are recovered. 

As was mentioned previously, once the fat fraction Q has been found using 

Berglund’s method, the W and F values can then be calculated without first 
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calculating the phasors. From the definition of fat fraction, the solution pair (W,F) 

must satisfy    
 

   
  . Substituting this expression into the squared signal 

equations, we obtain the following expressions for F and W. 

    
       

                                          
 

    
    

       

                                          
 

Eq. 3.7 

Again, negative solutions must be taken into account, and the two solutions that are 

retained should be those for which      . 

3.3. Generalization of Eggers’ solution 

In the generalized version of Eggers’ solution, the possible fat values also 

take the same form as before: 

     
  
   

  
   

    
 
  
  

 

Eq. 3.8 

The constants c1, c2, and c3 become  
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Eq. 3.9 

where                  and                 . 

The new W values are 

   
               

     
  

                                           

     
 

Eq. 3.10 

As before, only those values that also satisfy the second signal equation should be 

retained, and of the four solutions, the two that satisfy       should be kept. 

The relative phasor      is then given by 

     
  
   

   
     

            
 

Eq. 3.11 

Traditional phasor selection and smoothing algorithms can still be applied, and the 

W and F values can be re-estimated using the smoothed phasor map. The matrix 

equation to be solved becomes 

 
  

       
   

    
    

  
  

    

Eq. 3.12 

As with the generalization of Berglund’s method, all of the above equations reduce 

to the previous versions when a1 and a2 are replaced by 1. 
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3.4. A Geometric Interpretation 

Significant insight into the two-point Dixon problem can be gained by 

considering the signal equations from a geometric perspective. In this section, we 

present a geometric interpretation that will aid our analysis in later sections when 

we consider the effects of signal noise and the identification of fat and water without 

phasor selection algorithms. 

Recall that all of the results described thus far are derived from the square of 

the modulus of the signal: 

                                  
Eq. 3.13 

The value of S is what we physically measure, while the values of   and   are 

calculated as functions of echo time according to our signal model for the chemical 

species under consideration. For water,    , and for fat,   is the weighted sum of 

phasors given by the multi-peak model. Thus, the only unknown variables in this 

equation are W and F. 

In the W-F plane, Equation 3.13 represents an ellipse centered at the origin. 

The geometric properties of the ellipse, namely the orientation, eccentricity, and 

scale, are determined by the values of S, a, and b. Since these values depend on the 

time at which the signal is sampled (echo time TE), the ellipse can be considered to 

be evolving in time. According to the model being used, any water-fat combination 

(W,F) that lies on this ellipse would give rise to a signal of magnitude |S| and is 



 25 

therefore a potential solution. In the two-point Dixon problem, the signal is sampled 

at two different echo times, so we are in essence taking two snapshots of this 

evolving ellipse at different times—i.e., we end up with two ellipses. The solution 

(W,F) that we ultimately seek is an intersection point of these two ellipses, as shown 

in Figure 3.1. 

 

Figure 3.1. Two ellipses corresponding to two signals measured at different times. In 

this case, there are four intersection points. We expect the correct solution to be non-

negative, so we consider only the two solutions that are in the first quadrant. 

There are three cases to be considered. In the most common case, the ellipses 

will have four intersection points as in Figure 3.1. Usually, two of those intersection 

points will be in the first quadrant, which contains all physically allowable solutions 

(since W and F must be non-negative). The existence of these two non-negative 

solutions is the ambiguity that must be resolved using phasor selection algorithms.  

In the second case, the ellipses will touch at exactly two points. Statistically, 

this is unlikely ever to occur exactly, but we consider the possibility for 

completeness. In this case, there is only one physical solution since by symmetry 
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one of the two solutions must be negative. This happens when     for the single-

peak fat model and when W is close to F for the multi-peak fat model. This case is 

shown in Figure 3.2. 

 

Figure 3.2. In extremely rare cases, the two ellipses might just barely touch at only two 

points rather than four. When this happens, only one of the solutions will be in the first 

quadrant, and we can discard the other. 

In the third case, the ellipses do not touch at all, as shown in Figure 3.3. This 

can only happen due to noise in the signal or to some inaccuracy in our model. When 

this occurs, we may choose as our solution a point between the two ellipses, near 

the midpoint of the line segment that joins the ellipses at their closest approach. To 

do this, we find the intersection points of the line    
     

       
   with the two 

ellipses and then calculate their midpoint. 
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Figure 3.3. Due to noise or inaccuracies in our model, we may encounter situations in 

which the two ellipses do not intersect. We then choose as our solution a point between 

the ellipses where they come closest to touching. 

There is actually a fourth possibility: the ellipses may coincide at every point. 

However, this will only happen if         (and if there is no signal noise), and we 

will never choose our echo times this way. Due to the constraints of the problem, 

there are no cases in which the ellipses intersect at exactly one or exactly three 

points. 

The locations of the solutions (W,F), the degree of ambiguity, and noise 

performance all depend to some extent on the orientations, eccentricities, and sizes 

of these ellipses. We therefore examine the dependence of these properties on S, a, 

and b, and hence on the echo time. To describe the orientation of the ellipse, we 

define the ellipse’s “tilt angle”   as the angle between the semimajor axis and the 

positive W axis, as shown in Figure 3.4. 
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Figure 3.4. We define tilt angle   to be the angle between the major axis of the ellipse 

and the positive W axis. 

In terms of c,   is given by the formula 

      
 

 
      

         

            
  

Eq. 3.14 

For the case of water and fat,    , and this simplifies to 

      
 

 
      

      

   
  

Eq. 3.15 

When the single-peak fat model is used, it simplifies even further to  

                   
Eq. 3.16 

Figure 3.5 shows the tilt angle as a function of time for        T for both the 

single-peak model and the multi-peak fat model. 
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Figure 3.5. Tilt angle as a function of time at B0 = 1.5 T for the single-peak model (blue 

dashed line) and the multi-peak model (red solid line). 

The most important consequence of the dependence of tilt angle on echo 

time is that for any model in which both water and fat have only one resonance peak 

and have the same decay rate, the argument of the inverse cotangent function is 

zero (           ). Thus, the tilt angle will always be either     or     . In either 

case, both ellipses will be symmetric across the line    , and if (A,B) is a solution 

then (B,A) is the other possible solution. Note also that the tilt angle depends only on 

a and b, which depend on TE1 and TE2 (and on what model we are using). This 

means that noise in the signal will not affect the tilt angle. 

The second characteristic of interest is the eccentricity of the ellipse, which is 

given by 

     
                                     

                                     
 

Eq. 3.17 
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The important thing to note here is that the eccentricity, like the tilt angle, only 

depends on a and b. Therefore, signal noise does not affect the eccentricity of the 

ellipse either. For fat and water, this formula simplifies to 

   
            

 

                  
 

 

Eq. 3.18 

In the single-peak fat model, letting   represent the phase of the complex coefficient 

b, this simplifies even further to  

   
       

        
 

Eq. 3.19 

Figure 3.6 shows eccentricity as a function of time for both single- and multi-peak 

models at        T. 

 

Figure 3.6. Eccentricity as a function of time for both single- and multi-peak models at 

B0 = 1.5 T. 
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The third characteristic of interest is the scale of the ellipse, which is 

associated with the size of the semimajor and semiminor axes. They are given by 

           
 

                                     
 

           
 

                                     
 

Eq. 3.20 

For water and fat, these formulas simplify to  

           
 

                     
 

 

           
 

                     
 

 

Eq. 3.21 

Both axes are proportional to the magnitude of the signal. Thus, signal noise will 

affect the scale of the ellipse, and this is in fact the only effect that noise has. Noise 

that makes the magnitude of the signal smaller will shrink the ellipse, and noise that 

makes the signal larger will expand the ellipse. Figure 3.7 shows the effect of noise 

on an ellipse at a given echo time. 
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Figure 3.7. Noise of SNR = 10. The tilt angle and eccentricity are unaffected. Only the 

scale of the ellipse is affected. 

In the following chapters, we will refer frequently to this geometric 

interpretation of the two-point Dixon problem to aid our understanding of the 

effects of noise and the resolution of the ambiguity of solutions. In closing, we note 

that this model could be generalized to separate n chemical species. To do so, we 

would need to acquire images at n different echo times and find the intersection 

points of n n-dimensional hyper-ellipsoids. The formulas would be significantly 

more complicated, but once derived, their implementation would be quite practical 

with the aid of computers. 
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